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ON HORADAM-LUCAS SEQUENCE
AHMET DAS¸DEMI˙R
Abstract. Horadam introduced a new generalized sequence of
numbers, describing its key features and the special sub-sequences
that are obtained depending on the choices of initial parameters.
This sequence and its sub-sequences are known as the Horadam,
generalized Fibonacci, and generalized Lucas numbers, respectively.
In the present study, we propose another new sequence, which sat-
isfies a second-order recurrence relation, in addition to Horadam’s
definition. Further, we prove the Binet’s formula, some famous
identities, and summation formulas for this new sequence. In par-
ticular, we demonstrate the interrelationships between our new se-
quence and the Horadam sequence.
1. Introduction
In [1], Horadam considered a generalized form of the classic Fibonacci
numbers, changing the initial terms F0 = 0 and F1 = 1 to a and
b, respectively. Then in [2], Horadam defined the second-order linear
recurrence sequence wn (a, b; p, q):
wn = pwn−1 − qwn−2 (1)
with w0 = a and w1 = b. This generalizes many sequences of integers;
e.g., the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-
Lucas, Generalized Fibonacci and Generalized Lucas sequences. In
addition, the Binet’s formula for the Horadam sequence is
wn =
Aαn − Bβn
α− β
. (2)
In (2), the author has used the notations
α =
p+ d
2
, β =
p− d
2
, A = b−aβ, B = b−aα and d =
√
p2 − 4q. (3)
One can readily show that
α + β = p, αβ = q, α− β = d, (4)
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A+B = 2b− ap, A−B = ad, and AB = b2 − abp + a2q = E. (5)
In working with this sequence, it is useful to consider the following
special cases:
wn (0, 1; p, q) = un (p, q) (6)
wn (2, p; p, q) = vn (p, q) . (7)
It is notable that, for these special cases, the Binet’s formula in (2)
reduces to
un =
αn − βn
d
(8)
vn = α
n + βn. (9)
For positive integers n, Horadam has given the following formulas for
wn , un and vn [3]:
w
−n = q
−n aun − bun−1
aun + (b− pa)un−1
, u
−n = q
−n+1un−2 and v−n = q
−nvn.
(10)
In [4], Horadam presented some geometrical interpretations of the
Horadam sequence, including the Pythagorean property. In [5], Morales
defined the 2× 2 matrix
U (p, q) =
[
p −q
1 0
]
(11)
and showed that
Un (p, q) =
[
un+1 −qun
un −qun−1
]
. (12)
For brevity, we denote the matrix U (p, q) by R unless stated other-
wise. Note that Larcombe et al. have presented well-known systematic
investigations of the Horadam sequence in [6].
In this paper, we define a new generalization hn (a, b; p, q) of the
second-order linear sequences, i.e., Fibonacci, Lucas, Pell, Jacobsthal,
Generalized Fibonacci, and Generalized Lucas sequences. We present
many results from this new generalization, including the Binet’s for-
mula, the d’Ocagne’s and Gelin-Cesa´ro identities and some sum formu-
las. Further, we give some special identities of hn (a, b; p, q) via matrix
techniques.
2. Main Results
Imagine that we study on the second-order sequence given in Eq.
(1). It is well-known that the Horadam sequence generalizes certain
integer sequences, depending on the choice of the initial parameters
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a, b, p, and q. There is also another generalized sequence of integers
having the same recurrence relation. We give our generalized sequence
as follows:
Theorem 2.1 (Binet’s formula). For every integer n, we have the Bi-
net’s formula
hn = Aα
n +Bβn, (13)
where A = b− aβ and B = b− aα, as given by Horadam [2].
Proof. Equation (21) is a second-order linear homogeneous difference
equation, with constant coefficients, which has the form
xn = pxn−1 − qxn−2. (14)
We suppose that there is a solution to Eq. (21) of the form
xn = λ
n, (15)
where λ is a constant to be determined. Substituting Eq. (15) into Eq.
(14) yields
λn = pλn−1 − qλn−2
or more simplify
λ2 − pλ+ q = 0, (16)
which was given by Horadam [3]. The roots of Eq. (16) are
λ1 = (p+ d) /2 = α and λ2 = (p− d) /2 = β. (17)
As a result, we have found two independent solutions to Eq. (14) in the
form of Eq. (15). Hence, a linear combination of these two solutions is
also a solution of Eq. (21), namely
hn = c1α
n + c2β
n. (18)
Considering the initial conditions for our definition, we can write
c1 + c2 = 2b− ap
c1α+ c2β = bp− 2aq.
(19)
If the system of equations in (19) is solved, we obtain the two solutions
c1 = b− aβ and c2 = b− aα, (20)
and the result follows. 
Definition 1. Let n be any integer. Then, for n > 2, we define
hn = phn−1 − qhn−2, (21)
with the initial conditions h0 = 2b− ap and h1 = bp− 2aq.
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Table 1. The first five terms of wn and hn.
n Horadam numbers Horadam-Lucas numbers
0 a 2b− ap
1 b bp− 2aq
2 bp− aq b
(
p2 − 2q
)
− apq
3 b
(
p2 − q
)
− apq bp
(
p2 − 3q
)
− aq
(
p2 − 2q
)
4 bp
(
p2 − 2q
)
− aq
(
p2 − q
)
b
(
p4 − 4p2q + 2q2
)
− ap
(
p2 − 3q
)
5 b
(
p4 − 3p2q + q2
)
− ap
(
p2 − 2q
)
bp
(
p4 − 5p2q + 5q2
)
− aq
(
p4 − 4p2q + 2q2
)
We term the sequence in (21) a Horadam-Lucas sequence. Table 1
presents the first five terms of this sequence. Particular cases of the
Horadam-Lucas sequence are as follows:
• For a = 0, b = p, we can write
hn (0, p; p, q) = Aα
n +Bβn = vn.
• For a = 2, b = p, we can write
hn (2, p; p, q) = Aα
n +Bβn = d2un.
In order to investigate any integer sequences from Eq. (1), we must
consider different values of a, b, p, and q. However, the definitions in
(1) and (21) allow us to investigate, respectively, the primary sequence
i.e., Fibonacci and Pell numbers and the secondary sequences i.e., the
Lucas and Pell-Lucas numbers at the same time. Briefly, then hn may
be considered to be a companion sequence to wn. This is summarized
in Table 2.
Eq. (21) is not any sequence but a special case. It has quite amazing
features. Obviously, we presented this definition by inspiring from the
following theorem, which contains the Binet’s formula and will be used
broadly.
Table 2. Sequences corresponding to different choices
of a, b, p, and q.
a b p q Horadam sequence Horadam-Lucas sequence
0 1 1 -1 Fibonacci numbers Lucas numbers
0 1 2 -1 Pell numbers Pell-Lucas numbers
0 1 1 -2 Jacobsthal numbers Jacobsthal-Lucas numbers
ON HORADAM-LUCAS SEQUENCE 5
This gives us the following theorem.
Theorem 2.2 (De Moivre’s Formula). Let xn = hn+1 − qhn−1 and k
be any integer. Then, we have(
xn + hnd
2Ad
)k
=
xkn + hknd
2Ad
. (22)
Proof. From Eq. (13), we can write
hn+1 = (Aα)α
n + (Bβ)βn
hn = Aα
n +Bβn.
Solving this system of equations permits us to obtain
αn =
hn+1 − βhn
Ad
and βn = −
hn+1 − αhn
Bd
.
Since (αn)k = α(nk), with a little computation, the result follows. 
Note that Eq (22) has a similar form with the famous de Moivre’s
formula.
From Definition 1, we can immediately obtain the following result:
Corollary 2.3 (Brahmagupta identity). Let n, m, r, s, k, and t be
any integers. Then, we have(
khn
2 + thm
2
) (
khr
2 + ths
2
)
= (khnhr − thmhs)
2 + kt(hnhs + hmhr)
2.
(23)
Proof. The proof can be completed readily by means of some algebraic
operations. 
Remark 1. We can interpret Corollary 2.3 as follows. The product of
two Horadam-Lucas numbers that is a linear combination of the sum
of any two Horadam-Lucas numbers is the sum of two squares.
Theorem 2.4 (Universal recurrence). For any psoitive integer n, the
Horadam-Lucas sequence satisfies the recurrence relation
hn+3 =
h3n+1 − 2hnhn+1hn+2 + hn−1h
2
n+2
hn−1hn+1 − h2n
. (24)
Proof. Solving the system of equations to be obtained after writing
the integers n and n + 1 in (21), with respect to p and q, the result
follows. 
We call Eq. (24) the “Universal Recurrence” since it is a second-
order recurrence relation that has independent of the choice p, q, a,
and b.
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Next we prove a theorem that demonstrates the interrelationships
between the Horadam and Horadam-Lucas numbers.
Theorem 2.5. Let n be any integer. Then, we have
hn = wn+1 − qwn−1 (25)
and
wn =
2hn+1 − phn−1
d2
. (26)
Proof. Use the induction method on n. For n = 1 and n = 2, the
validity of Eq. (25) is trivial. We assume that Eq. (25) is true for the
first preceding terms n. Then we can write
hn+1 = phn − qhn−1 = p (wn+1 − qwn−1)− q (wn − qwn−2)
= (pwn+1 − qwn)− q (pwn−1 − qwn−2)
= wn+2 − qwn,
which is the desired result. The validity of Eq. (26) can be shown using
Eq. (25). 
From Eq. (17), Eq. (16) has two distinct roots, i.e., α and β. There-
fore, the Horadam-Lucas sequence can be extended to negative sub-
scripts n. For combinatorial simplicity, we denote the Horadam-Lucas
numbers with negative subscripts by hn. We then have the following
recurrence relations: For n > 0,
h0 = 2b− ap, h1 =
bp− a (p2 − 2q)
q
and hn+1 =
p
q
hn −
1
q
hn−1. (27)
Based on Eq. (13), we can also prove the following results:
Theorem 2.6. Let n and m be any integers. Then, we have
hn
2
− d2wn
2 = 4Eqn, (28)
wm+n + q
nwm−n = wmvn, (29)
wm+n − q
nwm−n = hmun, (30)
hm+n + q
nhm−n = hmvn, (31)
hm+n − q
nhm−n = d
2wmun, (32)
2wm+n = wmvn + vmwn, (33)
2qnwm−n = wmvn − vmwn, (34)
2hm+n = hm
(
vn + d
2un
)
, (35)
and
2qnhm+n = hm
(
vn − d
2un
)
. (36)
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Proof. Using Eq. (13), we can write
hn
2
− d2wn
2 = (Aαn +Bβn)2 − d2
(
Aαn −Bβn
α− β
)2
= 4ABαnβn,
and the result follows. We can also prove Eqs. (29)-(32) by repeating
the same operations. On the other hand, Eqs. (33)-(36) are proved by
summing and subtracting the appropriate equations from Eqs. (29)-
(32).

3. Special Properties of hn
In this section, we present some special properties of the generalized
sequence defined in (21). We first define the generating function given
in the form
h (x) =
∞∑
n=0
hnx
n. (37)
Then we can write the following theorem.
Theorem 3.1. The generating function and the exponential generating
function of the Horadam-Lucas sequence are given by
h (x) =
h0 + (h1 − ph0) x
1− px− qx2
(38)
and
h (x) = Aeαx +Beβx, (39)
respectively.
Proof. Summing these equations after setting up h (x), −pxh (x) and
−qx2h (x) readily yields the first result. Substituting Binet’s formula
from (13) into the generating function representation (37), and consid-
ering the MacLaurin series for an exponential function, then yields the
second result. 
Theorem 3.2 (Pythagorean formula). Let n be any integer. Then, we
have(
p
q2
hnhn+3
)2
+(2Phn+2 (2Phn+2 − hn))
2
=
(
h2n + 2Phn+2 (2Phn+2 − hn)
)2
, (40)
where P = p
2
−q
2q2
.
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Proof. Using Eq. (21), we can write(
p2 − q
)
hn+2 − phn+3 = q
2hn(
p2 − q
)
hn+2 + phn+3 = 2
(
p2 − q
)
hn+2 − q
2hn.
Multiplying these equations side-by-side, we obtain(
p2 − q
)2
h2n+2 − p
2h2n+3 = 2q
2
(
p2 − q
)
hnhn+2 − q
4h2n
and we rearrange it to obtain
(phn+3)
2 =
((
p2 − q
)
hn+2
)2
− 2q2
(
p2 − q
)
hnhn+2 +
(
q2hn
)2
.
Dividing by q2 after multiplying the last equation by h2n and adding
(p2 − q)hn+2 ((p
2
− q)hn+2 − 2q
2hn) to each side, we obtain the claimed
result. 
From Theorem 3.2, we also obtain the following result.
Corollary 3.3. All Pythagorean triples can be generated in terms of
Horadam-Lucas numbers.
Theorem 3.4. For any integer n, we have
hn+1
2
− qhn
2 = d2
[(
b2 − a2q
)
u2n+1 − aq (2b− ap) u2n
]
. (41)
Proof. To prove this property, we use the Binet’s formula for hn.
hn+1
2
− qhn
2 =
(
Aαn+1 +Bβn+1
)2
− q (Aαn +Bβn)2
= A2α2n+2 +B2β2n+2 + 2Eαn+1βn+1
− q
(
A2α2n +B2β2n + 2Eαnβn
)
= A2α2n+2 +B2β2n+2 + 2Eqn+1
− q
(
A2α2n +B2β2n + 2Eqn
)
= A2α2n+2 +B2β2n+2 − qA2α2n − qB2β2n
= A2
(
α2 − q
)
α2n +B2
(
β2 − q
)
β2n (42)
Here after some mathematical operations, we can write
A2
(
α2 − q
)
= d
[(
b2 − a2q
)
α− aq (2b− ap)
]
and
B2
(
β2 − q
)
= −d
[(
b2 − a2q
)
β − aq (2b− ap)
]
.
Substituting these equations into Eq. (42) yields the desired result. 
We next prove the following important theorem, which we shall re-
duce to obtain a number of special identities.
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Theorem 3.5 (Vajda’s identity). Let n, r, and s be any integers. Then,
hn+shn−r − hnhn−r+s = Eq
n−r (vr+s − q
svr−s) . (43)
Proof.
hnhn−r+s−hn+shn−r = (Aα
n +Bβn)
(
Aαn−r+s +Bβn−r+s
)
−
(
Aαn+s +Bβn+s
) (
Aαn−r +Bβn−r
)
−A2α2n−r+s − Eαn−rβn+s −Eαn+sβn−r −B2β2n−r+s
= E
(
αnβn−r+s + αn−r+sβn − αn−rβn+s − αn+sβn−r
)
= E
(
αn−r+sβn−r+s
(
αr−s + βr−s
)
− αn−rβn−r
(
αr+s + βr+s
))
= E
(
qn−r+svr−s − q
n−rvr+s
)
= −Eqn−r (vr+s − q
svr−s) ,
which is the claimed result. 
From Vajda’s identity, we also have the following special identities:
• For r = s, we find the Catalan’s identity:
hn+rhn−r − h
2
n = Eq
n−r (v2r − 2q
r) (44)
• For r = s = 1, we find the Cassini’s identity:
hn+1hn−1 − h
2
n = Ed
2qn−1 (45)
• For n− r = m and s = 1, we recover the d’Ocagne’s identity:
hmhn+1 − hnhm+1 = Eq
m (vn−m+1 − qvn−m−1) (46)
In addition, we can prove the following theorem.
Theorem 3.6 (Gelin-Cesa´ro identity). For any integer n, we have
hn−2hn−1hn+1hn+2 − h
4
n = Ed
2qn−2
[(
p2 + q
)
h2n + Ed
2p2qn−1
]
. (47)
Proof. For r = 2 in (44), we obtain
hn+2hn−2 − h
2
n = Ed
2p2qn−2.
Combining the last equation with Cassini’s identity, we can write
hn−2hn−1hn+1hn+2 =
(
h2n + Ed
2qn−1
) (
h2n + Ed
2p2qn−2
)
= h4n +
(
Ed2qn−1 + Ed2p2qn−2
)
h2n + Ed
2qn−1Ed2p2qn−2.
The last equation completes the proof. 
The next theorem provides a number of sum formulas for the Horadam-
Lucas numbers.
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Theorem 3.7. Let n be any integer. Then, we have
n∑
i=1
hi =
hn+1 − qhn − h1 + qh0
p− q − 1
, (48)
n∑
i=1
(−1)i hi =
(−1)n (hn+1 + qhn)− h1 − qh0
p + q + 1
, (49)
n∑
i=1
h2i =
h2n+2 − q
2h2n − h2 + q
2h0
p2 − (q + 1)2
(50)
and
n∑
i=1
h2i−1 =
h2n+1 − q
2h2n−1 − (q + 1)h1 + pqh0
p2 − (q + 1)2
. (51)
Proof. To reduce the volume of paper, we prove only the first of these
sum identities. The others can be proved by employing the same pro-
cedure. Let us denote the right-hand side of Eq. (48) by an. By the
definition of the Horadam-Lucas numbers, we obtain
at − at−1 = ht.
Applying the idea of “creative telescoping” [7] to Eq. (48), we conclude
n∑
i=1
hi =
n∑
t=0
(at − at−1) = an − a−1,
and since a
−1 = 0, the result follows. 
4. Matrix Approach to Second-order sequences
Note that the terms of the sequences in (1) and (21) may also be
stated as matrix recurrence relations. We define
Wn =
[
wn+1 wn
wn wn−1
]
and Hn =
[
hn+1 hn
hn hn−1
]
. (52)
Then we can write
Wn = RWn−1 and Hn = RHn−1. (53)
Extending the right-hand side of Eqs. (53) to zero, we obtain
Wn = R
nW0 and Hn = R
nH0, (54)
where
W0 =
[
b a
a pa−b
q
]
and H0 =
[
bp− 2aq 2b− ap
2b− ap
bp−a(p2−2q)
q
]
.
We then obtain the following theorem.
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Theorem 4.1. Let n be any integer. Then,
hn = (bp− 2aq)un − q (2b− ap) un−1, (55)
hn = bvn − aqvn−1. (56)
Proof. Eq. (54) gives Eq. (55). From [3], we know
vn = 2un+1 − pun = pun − 2qun−1. (57)
Applying Eq. (57) to Eq. (55), we obtain the second equation. 
Using Eq. (54), we can also obtain the following theorem.
Theorem 4.2 (Honsberger formula). Let n and m be any integers.
Then we have
wn+m = unwm − qun−1wm−1 (58)
and
hn+m = umhn+1 − qum−1hn. (59)
Proof. Replacing n+m with n in Eq. (54), we can write
Wn+m+1 = R
n+m+1W0 = R
n+1Wm. (60)
The term 22th of the matrix Wn+m+1 is equal to the term 22th of
the product matrix, which gives the first result. Repeating the same
method also provides the second equation. 
Note that in Theorem 4.2, symmetrical exchanges of n with m in
each equation are possible.
Theorem 4.3. For any integers n and k, we can write
hn−k = q
1−k (ukhn−1 − uk−1hn) = q
−k (hnuk+1 − hn+1uk) (61)
and
wn−k = q
1−k (ukwn−1 − uk−1wn) = q
−k (wnuk+1 − wn+1uk) . (62)
Proof. Using Eq. (54), we obtain
Hn−k = R
n−kH0 = R
−kRnH0 =
(
Rk
)
−1
Hn.
Using Eq. (45) after computing the inverse of Rk, we can write
Hn−k =
1
qk
[
q (ukhn − uk−1hn+1) q (ukhn−1 − uk−1hn)
uk+1hn − ukhn+1 uk+1hn−1 − ukhn
]
.
This completes the proof of Eq. (61). Eq. (62) can be proved similarly.

From Theorems 4.2 and 4.3, we obtain the following conclusion.
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Corollary 4.4 (Melham identity). Let n and k be any integers. Then,
hn+k+1
2
− q2k+1hn−k
2 = d2u2k+1
[(
b2 − a2q
)
u2n+1 − aq (2b− ap) u2n
]
.
(63)
Proof. Considering Eqs. (59) and (61), we can write
hn+k+1
2
− q2k+1hn−k
2 = uk+1
2hn+1
2 + q2uk
2hn
2
− 2quk+1ukhn+1hn
− q2k+1q−2k
{
hn
2uk+1
2 + hn+1
2uk
2
− 2uk+1ukhn+1hn
}
=
(
uk+1
2
− quk
2
) (
hn+1
2
− qhn
2
)
Applying Eq. (41) to the last equation, we obtain the claimed result.

Theorem 4.5 (General bilinear formula). Let a, b, c, d, and r be any
integers satisfying a + b = c + d. Then, we have
uahb − uchd = q
r (ua−rhb−r − uc−rhd−r) (64)
and
uawb − ucwd = q
r (ua−rwb−r − uc−rwd−r) . (65)
Proof. Employing the matrix equations in (52) and (53), we obtain
RaHb = R
cHd. Considering the entry (2, 1) of the result, we can write
uahb − uchd = q (ua−1hb−1 − uc−1hd−1) .
Repeating the same operations of r times yields Eq. (64). The other
result can be proved in a similar way. 
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